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Setup

(X, B, 1) a probability space or a Lebesgue space.
T : X — X a measure-preserving transformation.

Wesay that T} : X; — X; and T, : X, — X, defined on (X3, By, 1) and
(X5, B,, V), are isomorphic if there are A; € B, A, € B, such that

¢ u(A;) =vAy) =1
« T1(A)) C Ay, Tr(Ay) C A,
« d¢p:A; — A, invertible measure preserving map such that

poTy =T,00¢.



Baker's map

(2x,y/2) ifxe [O’ %)

— 2 = 3
X =[0,1]", T(x,y) 2x—-1,(y+1)/2) if x € B 1]




Baker's map




Coding the baker's map

To each orbit {..., T7'(x),x, T(x), ...}
we relate a sequence (x,), of zeros and

ones: T3(x),

T2(x (\

o if T"x € _0, %) %X [0,1], code x,, =0
. if T"x € ,1] x [0,1], code x,, = 1

N | =

0 1

O(x)=1(...; 0011...)
O(T(x))=(...0; 011...)



Symbolic Dynamics

A is a finite alphabet
> =AL = {(xn)neZ L X, € A}
(Xn) ey = (o XpX_1 5 XX - -+ ) € Zp

> A is a compact metric space with
d((x,), (7)) = 2~ nf il s xi#yil

The Bernoullis shift o : X5 — X, is the map

O'( ...x_zx_l;x0x1... ):( ...x_lxo;xlxz...



Symbolic Dynamics

Let € the o-algebra generated by the cylinder sets
« Gils] ={(xp) €Z:x; = s}
o Gilsj...sk] =1{(x,) EZ:x; =585, .00, X = S}
(- X1 88140 == 8k Xgqq - - - ) € G856 ]

Given a probability distribution (p, : « € A) in A, we define a probability
measure by

« u(Cils]) = ps

o u(Cilsi...sk]) = u(CGilsil) ... u(Cilsil) = ps; --- s, -
(Z, G, u) is a probability space.



Symbolic Dynamics 9

A measurable map T : X — X is a Bernoulli transformation if it is isomorphic
to a Bernoulli shift.



Isomorphism problem of Bernoullis shifts

« Von Neumann: spectral isomorphism.
« Kolmogorov and Sinai entropy.
« Ornstein isomorphism theorem.
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Shannon Entropy 11

For a probability distribution p = (p, : a € A),

h(lo) = Z —Pa log Pa-

aeA

Entropy is the measure of uncertainty.

Claude Shannon



Kolmogorov-Sinai Entropy

Entropy of a partition,

Hy(P)E >, —u(P)logu(P).
PeP

Entropy of a transformation with respect
to a partition,

h(T,?) £ lim kHM<\/ T- l?).

Entropy of a transformation,

h,(T)= sup h,(T,P).

Tl =~ T2 = h,Ll(Tl) = hu(TZ)

Andrei Kolmogorov
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Kolmogorov-Sinai Entropy

Kolmogorov-Sinai theorem

Let P, < P, < --- to be a non-decreasing ge-
nerating sequence of partitions with finite
entropy. Then,

h(T) = im hy,(T, 7).

Yakov Sinai
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Ornstein isomorphism theorem 14

Ornstein, 1970

Bernoulli shifts with the same entropy are iso-
morphic.

« BOcher Memorial Prize
« Elect to American National Academy of Sciences
« Elect to American Academy of Arts and Sciences

Donald Ornstein, 1961



Non-invertible case: Extended Symbolic Dynamics 15

Encoding n-to-1 baker’s transformations
Folding entropy for extended shifts

Ornstein isomorphism theorem for n-to-1 LM-Bernoulli transformations



Encoding n-to-1
baker’s maps

Mehdipour, P., Martins, N.
Archiv der Mathematik.

119, 199-211, (2022). [k

Kristina Armitage/Quanta Magazine




Zip shifts

« A and B be two alphabets with |A| > |B|
« ¥ : A — Basurjective map

« X the space of all sequence of letters

(xn)nez = (- XX 5 XgX1 -+ )

with x_,,x_,,... € B and x;, x{, ... € A.

The (full) zip shift map is o,, : = — X with

O-K( -.-x_l;xoxl... ):(...x_lk(x());xlxz...

17



Zip shift space

Let C the o-algebra generated by the cylinder sets
« Ci[s] = {(xy) €EZ: x; = 5}
o Ci[s;...81 ] E{(x,) €T 1 Xj =S, ey Xjo = Sic}

Given a probability distribution (p, : « € A) in A, we define
( pPg - ﬁ (S B)

Pg = Z Pa-
aex—1(B)

The measure u is defined by
» u(Gils]) = ps
o u(Cilsi...sil) = u(Cilsil) ... u(Cilsil) = ps, --- D5, -

(Z, @, u) is the zip shift space.

18

A map is a LM-Bernoulli transformation if is isomorphic to a zip shift map. A
LM-Bernoulli with m = |A|,l = |B| is called a (m, [)-Bernoulli transformation.



Zip shifts

PROP.3.6-11

« 0, is alocal homeomorphism

« 0, preserves the measure u

« 0, is mixing and ergodic

0, has density of periodic points

19



The n-to-1 baker’'s maps 20

T :[0,1]* = [0,1]° given by

;
<2nx ly) if 0<x<—
2n

<2nx—11y+ ) if — <x<=

2 2n 2n

T(X,J’)—*(an 2, 1y) if i§x<i
2 2n 2n

<2nx (2n — 1), y+ ) if 2’;;1 <x<1




The n-to-1 baker’'s maps 21




The n-to-1 baker’'s maps are LM-Bernoulli

Theorem A THM.3.13

The n-to-1 baker’s map is a (2, 2n)-Bernoulli transformation.

0O 1 2 3

22



The n-to-1 baker’'s maps are chaotic

Theorem B THM.3.13

The n-to-1 baker’s map T : X — X is chaotic in the sense of Devaney.

Devaney’s chaos:

« Topologically transitive

 Density of periodic points

« Sensitive dependence on initial conditions.

23



Folding entropy
of Extended Shifts

Martins, N., Mattos, P.G., Varao, R.
arXiv:2407.01828 (2024). N




Partitions by cylinders

_ _ HGila] :xe A} ifi>0
ei_{i}_{{Ci[ﬁ]:ﬁeB} ifi <0

Cho--ky = {kom kl} - {Ckomkl[skomskl] + Skg -+ Ok

1

25



Partitions by cylinders 26

C; and C; are independent partitions, Vi, j
o (Cp) =Cy, Vix0

Vico 02'(€o) = Co...xcs

VL 9'(C0) = C_eecs



Kolmogorov-Sinai entropy of zip shifts

H,(Co) = D, —pglog py = h(p,)

aeA

H,(C_)= ), —pglogpg = h(op)
BEB

LEM.4.1

27



Kolmogorov-Sinai entropy of zip shifts

LEM.4.2
Hﬂ(e_ko,,,kl) = koH,(C_1) + kiH,(Cy), Vko,ky €N

28



Kolmogorov-Sinai entropy of zip shifts

n—1

j)k = e—k...k—l = \/ O'K_lj)k — 8—k---k+n—2-
=0

LEM.4.3

29



Kolmogorov-Sinai entropy of zip shifts

n—1
hM(UK’j)k) = lim lI‘I (\/ O',;ij)k)
1=0

n—->oo N K .

= lim (1 Hy(C_y) + (k + n— DH,(Co))

n—-oo N

— H,u(eo)

30



Kolmogorov-Sinai entropy of zip shifts

Theorem C

hM(UK) = H/,c(@o)-

THM.4.4

In fact, {} is a generating sequence and is non-decreasing. Then, by the
Kolmogorov-Sinai theorem,

h,u(O'K) = kh—>no}o h’,u(o'Ka P) = H,u(eo)-

31



Folding entropy

F(T) = H,(E/TE).

HUPI%) = [ Hy(PIR) ()
ReR

where {g},_, is a disintegration of u with respect to
R.

David Ruelle
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Folding entropy of zip shifts

Theorem D

‘T,u(o'x) — H,u(eo)

— H,(C_y).

THM.4.6
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Disintegration of the measure

e R(a)=(x_y; axgy-+-), Va € x1(x_p)

%= ol(x) = {%(a) : a € x71(x_1)}

X={:xeX}col(€), Xz

The quotient measure (i is given by

A(R) = k(X)) = u(ox () = u(X).

34



Disintegration of the measure

« For every S € B, we define the following probability distribution

(¢ :

o€ K‘l(ﬁ)),where q> =

B
Pg

« The conditional measure on X € oz () is given by

us({R(@P = 57", Va € k71 (x_y).

The family {u4}

xeoxl(e)

is a disintegration of u with respect to oz 1(&).

35



Folding entropy of zip shifts

The folding entropy of o, is given by

7 (o) & H(6/071(8)) = /

xeoz1(€)

H, (£/%)dA(%)

36



Folding entropy of zip shifts

o= [ HEmda
BeB YxeC_,[f]

=> > (-qilogqs) a(C_.[B])

BeB aex—1(B)

=2, 2 (~dalogaa) s

BeB aex—1(B)

= Z Z _pa(log Pq — log pﬁ)’ since qg "Pg = Pa

BeB aex—1(B)

= > —palogpy— >, —pglog pg = H,(Cy) — H,(C_y).

aeA pEB

37



Folding entropy of zip shifts

In particular,

h,u(o'x) = fu(ak) + h(pB)-

38



Ornstein isomorphism
theorem for n-to-1
LM-Bernoulli
transformations

Martins, N.,Mehdipour, P, Varao, R.
Preprint (2025). N




Isomorphism theorem

Theorem E THM.5.39

Two n-to-1 LM-Bernoulli transformations of same entropy are iso-
morphic.

40



Uniform zip shifts

LEM.5.2; PROP. 5.3; THM.5.4
« 0, n-to-1= o, is a (k, kn)-zip shift
* Oy, 0y, Uniform n-to-1 (k, kn)-zip shifts = o, ~ g,

« Let 0y, 0y, uniform n-to-1 zip shifts. Then

GK1 = UKZ < hM(UK1) = h#(UKz)

41



Ornstein characterization of Bernoulli shifts

Ornstein, 1974 PRrOP.5.5

An automorphism T : X — X is isomorphic to a Bernoulli shift
0 : X — 2 With distribution pp = (p, : @ € A) if, and only if, there
is a partition 2 such that

a) dist(P) = py
b) P is a generating for T

c) {Tk?}keN is a independent sequence.




Ornstein characterization of Bernoulli shifts

Ornstein, 1974 PROP.5.6

Two Bernoulli transformations are isomorphic if, and only if, there are
partitions P and R such that

k k
dist(\/ Tfi?> = dist(\/ T;ijz), Vk € N.

i=0 =0




Domain and image partitions 4

« A image partition Q@ = {Qq, ..., Q,,} of a n-to-1 local isomorphism a partition
such that for all P, € T~'Q;, the map

is an automorphism.

« The collection 2 of all P; is a domain partition




Characterization of n-to-1 LM Bernoulli

THM.5.19

An n-to-1 local isomorphism T : X — X is a LM-Bernoulli transfor-
mation with distribution p, = (p, : « € A) if, and only if, there is a
domain partition 2 such that

a) dist(P) = py
b) P is a generating for T

c) The sequences {Tk?}keN and {T‘k?}keN are independent.

45



The copying condition

Let T}, T, to be two n-to-1 LM-Bernoulli transformations and  and R be
partitions of X; and X,, respectively.

The process (T, P) is a copy of the process (T,, R), and we denote by
(Tlaj)) ~ (TZ"R)

when, for all k > 0,

k k
-k —k

46



The copying condition

to be generating partitions, respectively. Then,
(Tl,j)) s (Tz,je) < Tl =~ Tz.

THM.5.21

Let T}, T, to be two n-to-1 LM-Bernoulli transformations and P and R

47



Metrics on partitions and processes

« Distance between the distributions of two partitions of same cardinality:

k
dist(P) — dist(R)| = D [1(P) — u(Ry)|.

i=1

dist(P) = dist(R) = (% %, %)

48



Metrics on partitions and processes

« Distance between partitions of the same space and same cardinality:

k
P —R| =D uP; ARy

) = (332
s =113
P —R| =~

« P h,(T,P)is a continuous function in the partition metric.
« The space of all partitions is connected in the partition metric.

49



Metrics on partitions and processes 50

« Distance between sequences of partitions
k

— 1k (—k
where the infimum is taken over all sequences of partitions {?i}l : {Ri}l of a

N‘I*—*

d{PYARE) =1

same Lebesgue space such that

i) i i) o)

i=0



Metrics on partitions and processes

« Distance between processes

—i k —i £
d((Ty, P), (I3, R)) = Slllcp d<{T1 ?}1’{T2 52}1>

51



Finitely determined processes 52

An n-to-1 LM-Bernoulli process (T, P) is finitely determined if for every ¢ > 0,
there are § > 0 and k € N such that if an n-to-1 LM-Bernoulli process (75, R)
satisfies the conditions

a) |P| = I|R|

b) |h(T1,P) — hy(Ty, R)| < &

c) dist(\/fzo Tfl?) — dist(\/;{= Tz_lﬁ){ <6,
then

d((T1, P), (15, R)) < e.



Finitely determined processes

If (T, ?) is an n-to-1 LM-Bernoulli process and {T~'P}
pendent sequence, then (T, P) is finitely determined.

ieN

COR.5.24

is an inde-

53



Stacks and Gadgets

Rokhlin lemma for LM-Bernoulli THM.5.25

Let T : X — X be a LM-Bernoulli transformation, k > 0 and € > 0.
There is a disjoint measurable sequence

F,TF,..., T*1F,

such that M(Ui:ol TiF) >1—c¢.

54



Stacks and Gadgets 5

The sequence {TiF}Ig_1 is a stack of base F and lenght k.

T4F

T3F

T?F

TF

F



Stacks and Gadgets

Strong Rokhlin lemma for LM-Bernoulli THM.5.27
Let (T, P) to be a LM-Bernoulli process, k > 0 and € > 0. There is a
stack

F,TF,..,T*1F,
such that M(Ui:ol T'F ) > 1 —¢ and dist(P/F) = dist(P).

56



Stacks and Gadgets

T+4F
T3F
T2F
— P;
TF P>
F

The induced distribution of the base of the stack is the same as 2.

57



Stacks and Gadgets

) 1 1 2 ) 1 1
1 1 2 1 : 1 ) 2
1 1 | 2 2 1 1
2 ) -1 1 | 1 2
1 1 1 1 2 2 2

S@lperimpcise thé stack ofn the cfopy of F;below

A

B C D E G

5—-1 5—-1
\/ T-{(»/T'F)/F = \/ T-iP/F.
i=0 i=0

H

T+F

T3F

T?F

TF

F

F

P

58



Stacks and Gadgets

2 1 1 2 2 1 1
1 1 21 i1 2 2
1 1 :1:2;2 1 1
2 12 111 i1 1 2
151 112 2 2

St:lperimpcf)se thé stack ofn the éopy of Fébelow

A B C D E G

H

T+F

T3F

T2F

TF

F

F

A=FNRNT ' B)NT*B)NT>R)NTHB).

P-5-nameof A :(1,2,1,1,2)

P;
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Getting a copy

PROP. 5.35

Let (T3, P) and (T,, R) to be two n-to-1 LM-Bernoulli processes with
(T, R) f.d. Given € > 0, there are § > 0 and k € N such that if:

a) h,u(Tl) > h,u(TZ’je)
b) [P| = |R]
. k=1 i . k=1 i
C) dlst<\/i:0 T ‘?) - dlSt(\/i:() T, ‘R)‘ )
d) |h (T, P) — hy(Ty, R)| < &
then there is 2 such that |§ — ?| < ¢ and (Tl,f) ~ (T, R).

60



Getting a better copy

LEM. 5.36

P is a generating partition for T iff for each R and € > 0, there is k
such that

k
R < yTi?.
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Getting a better copy

LEM. 5.37

Let P be a generating partition for a n-to-1 LM-Bernoulli T, and
suppose

h,(T,P) = h,(T,R)
with (T, ), (T, R) both f.d. Given ¢ > 0, there is R such that
a) (T,R) ~ (T, R)
b) ‘f — 52’ <eg
c) P < \/IikTif, keN
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Getting a better copy

PROP. 5.38

Let P be a generating partition for a n-to-1 LM-Bernoulli T, and
suppose

h,(T,P) = h,(T,R)
with (T, 2), (T, R) both f.d. Given ¢ > 0, there is R such that
a) (T,R) ~ (T, R)
b) ‘% — 52’ <eg

c) R is generating for T.

63



Getting a better copy 4

PROP. 5.38

Let (T1, P) and (75, R) be two n-to-1 LM-Bernoulli processes f.d, P and
R generating partitions, such that h,(T;) = h,(T,). Then T; and T, are
isomorphic.

o (T,,R)f.d — choose P’ near to P such that (T}, P’) ~ (T, R).

« h(T,P)= hy(T,R),P generating — choose a generating 2 near to ' such
that

(71, P) ~ (T R).



Conclusion




Overview

Thm A The n-to-1 baker’s map are (2, 2n)-Bernoulli.
Thm B The n-to-1 baker’s map T is chaotic.

Thm C h,(c,) = H,(Cy).

Thm D ‘?M(O’K) = H“(GO) — HM(C’_l).

Thm E Two n-to-1 LM-Bernoulli maps of same entropy are isomorphic.

66
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